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ABSTRACT This paper considers downlink multi-user millimeter-wave massive multiple-input multiple-
output (MIMO) systems in both centralized and distributed configurations, referred to as C-MIMO and
D-MIMO, respectively. Assuming the fading channel is composite and comprised of both large-scale fading
and small-scale fading, a hybrid precoding algorithm leveraging antenna array response vectors is applied
into both the C-MIMO system with fully connected structure and the D-MIMO system with partially
connected structure. First, the asymptotic spectral efficiency (SE) of an arbitrary user and the asymptotic
average SE of the cell for the C-MIMO system are analyzed. Then, two radio access unit (RAU) selection
algorithms are proposed for the D-MIMO system, based on minimal distance (D-based) and maximal signal-
to-interference-plus-noise-ratio (SINR) (SINR-based), respectively. For the D-MIMO system with circular
layout and D-based RAU selection algorithm, the upper bounds on the asymptotic SE of an arbitrary user and
the asymptotic average SE of the cell are also investigated. Finally, numerical results are provided to assess
the analytical results and evaluate the effects of the numbers of total transmit antennas and users on system
performance. It is shown that, from the perspective of the cell, the D-MIMO system with D-based scheme
outperforms the C-MIMO system and achieves almost alike performance compared with the SINR-based
solution while requiring less complexity.
INDEX TERMS Millimeter wave, hybrid precoding, centralized, distributed, spectral efficiency.
I. INTRODUCTION
Millimeter wave (mmWave) has been considered as a promis-
ing technique for 5G communications to address the band-
width shortage in conventional cellular bands [1]–[3]. Studies
show that mmWave channels have a higher path loss (PL)
and significantly less multipath richness than microwave
channels [4]. To overcome the increased propagation losses
experienced at mmWave bands, massive multiple-input
multiple-output (MIMO) technique is introduced to provide
both antenna directivity and array gains. The shorter wave-
length at mmWave frequencies enables more antennas to be
packed in a smaller physical dimension for large scale spatial
multiplexing and high directional beamforming. However,
a likely high degree of spacial correlation will be generated
when placing numerous antennas close together, which leads
to loss of orthogonality in mmWave channels [5].
To reduce the effect of channel correlation on the mmWave
system performance, many precoding algorithms are pro-
posed. For a downlink multi-user mmWave MIMO system,
in [6], an array response vector selection algorithm leveraging
the channel correlation was developed to prevent the sum
rate degradation in the region with numerous users. In [7],
by fully considering channel correlation among users, a joint
beam selection scheme for analog domain precoding under
discrete lens array was proposed to avoid inter-user interfer-
ence and maximize system sum-rate. In [8], a practical pre-
coding scheme with finite-resolution phase shifters utilizing
the correlation among the sub-channels was introduced for
mmWave MIMO system.
One alternative used in conventional massive MIMO
systems to reduce the channel correlation is to adopt dis-
tributed antennas. Applying distributed antennas in the
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FIGURE 1. Two layouts of mmWave massive MIMO systems: (a) C-MIMO; (b) D-MIMO with circular layout.
massive MIMO systems can reduce the channel correlation,
shorten radio access distance and improve the system per-
formance. Therefore, distributed antennas have been suc-
cessfully applied in many cutting-edge technologies such as
Cloud Radio Access Network (C-RAN) [9] and Cell-Free
Massive MIMO [10].
Similar to conventional microwave wireless networks,
to implement massive MIMO in mmWave networks,
two different schemes can be adopted: centralized and
distributed [11], [12]. In the centralized mmWave massive
MIMO (C-MIMO) system as shown in Fig.1(a), all antennas
are co-located at the same location for both the transmit (Tx)
and receive (Rx) sides. Thus, the distances from different
base station (BS) antennas to the antennas of one user equip-
ment (UE) are almost identical. In the distributed mmWave
massive MIMO (D-MIMO) system as shown in Fig.1(b),
the Tx antenna arrays at the BS are deployed at different
geographical locations while connected together via high
capacity backhaul links such as optic fibers, implying that
the distances from different BS antennas to the antennas of
a UE are different. The main difference between the conven-
tional distributed microwave massive MIMO system and the
D-MIMO system under consideration lies in the distributed
element, which is a single antenna for the former but one
antenna array for the latter.
In conventional microwave MIMO systems, the fully digi-
tal precoding (FDP) is utilized to exploit the full potential of
antenna arrays. However, the implementation of FDP requires
one dedicated radio frequency (RF) chain per antenna.
In practice, considering the prohibitive cost and power
consumption, it is not practical to apply it into mmWave
MIMO systems. To address this issue, hybrid precoding (HP)
consisting of both analog precoding (AP) and digital precod-
ing (DP) has been proposed for mmWave MIMO systems to
reduce the number of required RF chains [13]–[17]. TheAP is
proposed to obtain power gains via phase shifters and perform
RF signal processing, while the DP is designed to facilitate
multi-stream processing and perform the baseband signal
processing. The digital precoder and each RF chain with its
connected phase shifters form the baseband processing unit
(BPU) and radio access unit (RAU), respectively.
According to the mapping strategy between RF chains
and Tx antennas, three main HP structures are commonly
adopted: fully-connected structure (FCS) as in [13]–[16],
partially-connected structure (PCS) as in [18]–[20] and
hybridly-connected structure (HCS) as in [21]. Each RF chain
is connected to all antennas in the FCS, while each sub-array
is connected to only a single RF chain in the PCS. In the
HCS, each sub-array is connected to multiple RF chains, and
each RF chain is connected to all antennas with this sub-
array in question. Compared with FCS and HCS, the system
with PCS has the lowest implementation complexity. Both
HCS and PCS can be extended and directly applied into
D-MIMO systems.
On the one hand, to date, there are limited literatures
about HP in the D-MIMO configuration. In [22], a distributed
HP solution based on a pre-defined codebook with RAU
selection capabilities was proposed and analyzed in an indoor
distributed antenna system. However, the cell deployment
in this paper is rectangular, and the system performance is
closely related to the characteristic of the pre-defined code-
book. In [23], a distributed hybrid analog-digital architecture
for ultra-dense uplink mmWave massive MIMO heteroge-
neous networks was introduced. However, this paper does not
take PL into consideration, which is a necessary parameter
that determines the distributed system performance. On the
other hand, only a very few researches about HP in the
C-MIMO system consider large scale fading, which includes
PL and shadow fading. In [24] and [25], though PL was taken
into account in the mmWave channel model, no further analy-
sis was performed on the large scale fading factor. Moreover,
the parameters related to large scale fading were set to one
in the simulations, which was equivalent to not considering
them.
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FIGURE 2. Two hybrid precoding structures of mmWave massive MIMO systems: (a) Fully-connected structure for the
C-MIMO system; (b) Partially-connected structure for the D-MIMO system.
These findings motivate us to consider both the C-MIMO
and D-MIMO systems with the composite fading channel
model comprised of both large scale fading and small scale
fading. The major contributions of this paper are summarized
as follows.
• First, for the C-MIMO system,we provide a tight closed-
form and approximation expressions on the asymptotic
spectral efficiency (SE) of an arbitrary located user
(see Propositions 1 and 2). The asymptotic average SE
of the cell is also obtained (see Proposition 3). These
results can be used to predict the system performance
and understand its behavior w.r.t the number of antennas,
the cell size and the Tx power.
• Then, we consider the D-MIMO system with a practical
circular distributed layout, where antenna arrays of the
BS are located uniformly on a circle. To improve the
system performance, we propose two RAU selection
algorithms based on minimal distance (D-based) and
maximal signal-to-interference-plus-noise-ratio (SINR)
(SINR-based), respectively. With the D-based scheme,
the upper bounds on the asymptotic SE of an arbitrary
located user and the asymptotic average SE of the cell
are derived (see Propositions 5 and 6).
• Finally, numerical results are provided to assess our
analytical results, compare the C-MIMO system with
the D-MIMO system using D-based or SINR-based
RAU selection algorithm and evaluate the effects of the
numbers of total Tx antennas and users on system perfor-
mance. It is shown that, from the perspective of the cell,
the D-MIMO system with D-based scheme outperforms
the C-MIMO system, and achieves rate performance
quite close to the one with the SINR-based solution
while requiring less complexity.
The paper is organized as follows. In Section II, the sys-
tem model, channel model and HP algorithm are introduced.
Section III and IV derive the associated asymptotic SE of
C-MIMO and D-MIMO systems, respectively. Section V
presents numerical results pertaining to the developed anal-
ysis. Section VI concludes the paper.
Notation: We use boldface upper and lower case letters
to denote matrices and column vectors, respectively. The
superscripts (·)T and (·)H stand for transpose and conjugate-
transpose, respectively. IN and diag {a1, · · · , aN } stand for
N ×N identity matrix and diagonal matrix with diagonal ele-
ments {a1, · · · , aN }, respectively. C denotes the set of com-
plex numbers. E {·} and ‖·‖F represent the expectation and
the Frobenius norm of a matrix, respectively. [A]i,j gives the
(i, j)th entry of A. U [a, b] and DU [a, b] represent the uni-
form distribution and discrete uniform distribution between
a and b, respectively. Z ∼ CN (0,A) denotes a circularly
symmetric complex Gaussian vector with zero mean and
covariance matrix A.
II. SYSTEM MODEL AND HYBRID PRECODING
A. SYSTEM MODEL
In this subsection, we present system models together for
the C-MIMO system with FCS and the D-MIMO system
with PCS.
Consider a downlink single-cell multi-user mmWave
MIMO system. The HP structures for the C-MIMO system
based on FCS and the D-MIMO system based on PCS are
depicted in Fig.2(a) and Fig.2(b), respectively. The BS is
equipped withNT Tx antennas andN independent RF chains,
which meets the constraint N ≤ NT . Each RF chain is
connected to all Tx antennas in the C-MIMO system, but one
sub-array containing Nt Tx antennas in the D-MIMO system.
Thus, NT = NNt . There are N data streams transmitted
from the BS to K UEs, each of which is equipped with Nr
Rx antennas. The total number of Rx antennas is denoted
as NR, thus, NR = KNr . In both C-MIMO and D-MIMO set-
tings, the number of Tx antennas NT , which meets NT > NR,
is on the order of a hundred or more. Assuming
N = K , we focus on the multi-user beamforming in which
the BS communicates with each UE via only one data stream.
Analysis in the cases with N < K and N > K will be our
future research topic.
At the kth UE, the Rx signal can be expressed as
rk = HkFRFFBBs+ nk , (1)
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where rk ∈ CNr×1 is the Rx signal vector, s =
[s1, s2, · · · , sK ]T is the Tx signal vector satisfyingE
{
ssH
} =
P
K IK , P is the average Tx power, and nk ∼ CN
(
0, σ 2INr
)
is
the complex additive white Gaussian noise (AWGN) vector.
We assume equal power allocation among different users’
streams. The matrix Hk ∈ CNr×NT represents the mmWave
subchannel between the BS and the kth UE. In the C-MIMO
system, the AP matrix FRF = FCRF =
[
fC,1RF , f
C,2
RF , · · · , fC,KRF
]
should satisfy the constant modulus constraint
∣∣∣[FCRF ]i,j∣∣∣ =
1√
NT
. In the D-MIMO system, the matrix FRF = FDRF
is block-diagonal, i.e., FDRF = diag
{
fD,1RF , f
D,2
RF , · · · , fD,KRF
}
,
which satisfies
∣∣∣∣[fD,kRF ]i,j
∣∣∣∣ = 1√Nt . To meet the total power
constraint, the DP matrix FBB =
[
f1BB, f
2
BB, · · · , fKBB
]
should
be normalized to satisfy ‖FRFFBB‖2F = K . At the kth UE,
the after-processed Rx signal is given by
yk = wHk HkFRFFBBs+ wHk nk , (2)
where wk ∈ CNr×1 is the RF combiner of the kth UE, which
meets
∣∣[wk ]i,j∣∣ = 1√Nr . Therefore, the ergodic SE of the UE
k can be expressed as
Rk = E
log2
1+
P
K
∣∣wHk HkFRF fkBB∣∣2
P
K
K∑
n6=k
∣∣wHk HkFRF fnBB∣∣2 + σ 2

. (3)
So the sum-rate of the system is equal to R =
K∑
k=1
Rk .
B. CHANNEL MODEL
In this subsection, we first introduce the channel model of
D-MIMO system, and then illustrate the differences between
the C-MIMO andD-MIMO systems. Unless otherwise stated,
the following introduction in this subsection is only applica-
ble for the D-MIMO system.
As PL is a necessary element affecting the system perfor-
mance, the mmWave channel model should not only encom-
pass small scale fading but also large scale fading. For the
D-MIMO system, the composite channel matrix HD can be
written as
HD =
HD,1...
HD,K
 =
HD,1,1 · · · HD,1,K... . . . ...
HD,K ,1 · · · HD,K ,K
 , (4)
where HD,k is the channel matrix of the UE k and HD,k,n ∈
CNr×Nt is the sub-channel matrix between the UE k and nth
RAU in the D-MIMO system. The matrix HD,k,n is modeled
as
HD,k,n =
√
βk,nH˜D,k,n, (5)
where H˜D,k,n and βk,n represent the small scale fading matrix
and the large scale fading factor of the sub-channel between
the UE k and nth RAU, respectively.
The extended Saleh-Valenzuela (SV)model is often used in
mmWave channel modeling and standardization [26]. Adopt-
ing the model, the matrix H˜D,k,n can be given by
H˜D,k,n =
√
NtNr
Lk,n
Lk,n∑
i=1
αik,nar
(
θ ik,n
)
aHt
(
φik,n
)
, (6)
where Lk,n is the number of propagation paths,
αik,n ∼ CN (0, 1) is the complex gain of the ith path, and
θ ik,n, φ
i
k,n ∈ [0, 2pi ] are the ith path’s angles of arrival and
departure (AoAs/AoDs), respectively. The parameter Lk,n
follows a discrete uniform distribution in the range [1,L],
i.e., Lk,n ∼ DU [1,L], where L is the maximum of channel
paths [27]. The average numbers of multi-paths measured at
28 GHz and 73 GHz non-line-of-sight (NLOS) environment
are 4.7 and 3.3 for base station-to-mobile access, respec-
tively [28]. Given the sparsity of mmWave channels, we can
assume 5 ≤ L ≤ 10. The vectors ar
(
θ ik,n
)
and at
(
φik,n
)
are the Rx and Tx array response vectors of the UE k and
the nth RAU, respectively. In this paper, we assume that
each of all the antenna configurations is a uniform linear
array (ULA), as the elevation domains in uniform planar
arrays (UPAs) and uniform circular arrays (UCAs) increase
channel correlation [29]. Thus, ar
(
θ ik,n
)
and at
(
φik,n
)
can
be defined as
ar
(
θ ik,n
)
= 1√
Nr
[
1, ejm sin(θ
i
k,n), · · · , ej(Nr−1)m sin(θ ik,n)
]T
,
(7)
at
(
φik,n
)
= 1√
Nt
[
1, ejm sin(φ
i
k,n), · · · , ej(Nt−1)m sin(φik,n)
]T
,
(8)
wherem = 2pi
λ
da, da is the inter-element spacing, λ = cf is the
carrier wavelength, c = 3 × 108 m/s, and f is the RF carrier
frequency.
As in [30], the large scale fading factor βk,n of the
sub-channel HD,k,n can be represented as
βk,n =
(
d0
dk,n
)v
, (9)
where dk,n is the distance from the nth RAU to the UE k , and
d0 is the minimal distance between the UE and a BS antenna,
which exists due to the physical implementation. The param-
eter v is the PL exponent with typical values ranging
from 2 to 6, i.e., 2 ≤ v ≤ 6. Though we assume no
shadow fading, which is generally assumed to be log-normal,
the derived results can be straightforwardly extended to chan-
nels with shadow fading.
Denote by6D the large scale fading matrix, whose (k, n)th
element is βk,n. We assume that the BS can have knowledge
of all theK×K large scale fading factors in6D and theK×K
instantaneous composite fading sub-channel matrices in HD.
In the Time-Division Duplex (TDD) system, the channel reci-
procity can be exploited to obtain HD by transmitting uplink
reference signals at the Rx sides. In the Frequency-Division
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Duplex (FDD) system, HD can be obtained via downlink
channel estimation and channel feedback [31]. In both TDD
and FDD systems, the large scale fading matrix6D is a long-
term statistic and can be estimated from the uplink reference
signals due to the reciprocity of large scale fading factors [32].
To avoid confusion, we assume that channel parameter-
related variables with both k and n (k, n = 1, 2, · · · ,K )
subscripts and an unique k subscript represent the variables
used in D-MIMO and C-MIMO systems, respectively. For
example, βk,n, αik,n and Lk,n indicate parameters used in the
D-MIMO system, while βk , α`k and Lk are parameters used
in the C-MIMO system. The main difference between the
C-MIMO and D-MIMO systems is that, the composite chan-
nel matrix HC in the C-MIMO system is written as HC =[
HHC,1,H
H
C,2, · · · ,HHC,K
]H
, where HC,k = √βkH˜C,k . βk is
the large scale fading factor between the UE k and the BS.
In the C-MIMO system, the small scale fading matrix of the
kth UE H˜C,k ∈ CNr×NT has a similar expression as H˜D,k,n
in (6). Denote by 6C the large scale fading vector, whose
kth element is βk . For the C-MIMO system, we assume that
the BS can have knowledge of 6C and HC .
C. HYBRID PRECODING ALGORITHM
For the D-MIMO system, as the large scale fading factors
between the UEs and different RAUs change a lot, a K × K
binary correction matrix, denoted as M, is introduced to
record the status of RAU usage. If the element [M]k,n = 1,
it means that the UE k uses the nth RAU. Otherwise,
[M]k,n = 0. Each UE uses only one RAU while each RAU
serves only one UE. Therefore, there are only K non-zero
values which are distributed in different rows and columns
in the matrix M. So MHM = IK . For the C-MIMO system,
we readily have thatM = 1.
In this paper, we use the HP algorithm leveraging antenna
array vectors proposed in [33]. In the C-MIMO system,
the maximum of path gain of the UE k is denoted as α`kk .
Then, the RF combining matrix of the UE k and the corre-
sponding AP vector at the BS can be represented as wCk =
ar
(
θ
`k
k
)
and fC,kRF = at
(
φ
`k
k
)
, respectively. In D-MIMO
system, the numbering of RAU used by the UE k and the
corresponding maximum of path gain are denoted as nk
and αikk,nk , respectively. Then, the RF combining matrix of
the UE k and the corresponding AP vector at the BS can
be represented as wDk = ar
(
θ
ik
k,nk
)
and fD,nkRF = at
(
φ
ik
k,nk
)
,
respectively. In general, the baseband equivalent channel is
given by
Heq =

wH1 0 · · · 0
0 wH2 · · · 0
...
...
. . .
...
0 0 · · · wHK


H1
H2
...
HK
FRF . (10)
It is noted that, in the D-MIMO system, when performing
zero forcing (ZF) precoding at the BS with the RAU selection
capability, the diagonal elements are not always the desired
signals. Considering the correction matrix M, the baseband
equivalent channel should be updated as Hˆeq = HeqMH . The
digital precoder, which performs ZF precoding to eliminate
the inter-user interference, can be further written as
FBB = HˆHeq
(
HˆeqHˆHeq
)−1
3, (11)
where 3 is a diagonal matrix with the diagonal elements
adjusted to satisfy the precoding power constraint.
When the numbers of Tx and Rx antennas are large, it fol-
lows from [33] that the ergodic SE of the UE k for the
C-MIMO and D-MIMO systems can be expressed as
RC,k = E
{
log2
(
1+ ξ `kk
)}
, (12)
RD,k = E
{
log2
(
1+ ξ ikk,nk
)}
, (13)
where ξ ikk,nk = PNtNrKLk,nk σ 2 βk,nk
∣∣∣αikk,nk ∣∣∣2 and ξ `kk =
PNTNr
KLkσ 2
βk
∣∣∣α`kk ∣∣∣2. For the D-MIMO system, ξ ikk,nk and βk,nk are
the SINR of the UE k and large scale fading factor between
the UE k and its selected nk th RAU, respectively.
III. ASYMPTOTIC ANALYSIS ON SPECTRAL EFFICIENCY
OF THE C-MIMO SYSTEM
In this section, we first analyze the asymptotic SE for an
arbitrary UE in the C-MIMO system, and then investigate
the asymptotic average SE of the cell assuming randomly
uniform user distribution. We consider a circular cell with
radius R, as the circular cell is widely used and has been
reported to have a similar performance to the hexagonal cell
but enjoy more tractable analysis [30]. For the C-MIMO
system, we can assume the polar coordinates of the UE k and
the BS are (ρk , δk) and (D0, ϑ0), respectively. As illustrated
in Fig.1(a), the NT antennas of the BS are co-located at the
cell center, which implies that the polar coordinate of the BS
is (D0, ϑ0) = (0, 0). The distance between the UE k and the
BS is denoted as dk = ρk , which satisfies d0 ≤ dk ≤ R.
A. ASYMPTOTIC SPECTRAL EFFICIENCY OF AN
ARBITRARY USER FOR THE C-MIMO SYSTEM
In this subsection, the asymptotic SE of an arbitrary UE in the
C-MIMO system is derived.
Proposition 1: For the C-MIMO system, when the numbers
of Tx and Rx antennas are large, the asymptotic SE of the UE
k with polar coordinate (ρk , δk) can be obtained as follows:
R¯C,k = log2e
Lk∑
t=1
(
Lk
t
)
(−1)t−1e
ρvk
εk d
v
0
t
E1
(
ρvk
εkdv0
t
)
, (14)
where εk = PNTNrKLkσ 2 , and E1 (x) =
∞∫
1
e−ux
u du is the exponential
integral function.
Proof: Substituting (9) and dk = ρk into (12), we can get
R¯C,k = E
{
log2
(
1+ εkd
v
0
ρvk
∣∣∣α`kk ∣∣∣2)} . (15)
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Under the assumption α`k ∼ CN (0, 1), it can be con-
cluded that
∣∣α`k ∣∣2 follows an exponential distribution with
parameter 1. With
∣∣∣α`kk ∣∣∣2 = max {∣∣α`k ∣∣2} , ` = 1, 2, · · · ,Lk ,
the probability density function (PDF) of
∣∣∣α`kk ∣∣∣2 is given
by [34]
fα (x) =
{
Lk
(
1− e−x)Lk−1e−x , x ≥ 0
0, otherwise.
(16)
With a similar method used in [33], we have
R¯C,k =
∞∫
0
Lk
(
1− e−x)Lk−1e−x log2 (1+ εkdv0
ρvk
x
)
dx
= log2e
Lk∑
t=1
(
Lk
t
)
(−1)t−1t
∞∫
0
e−tx ln
(
1+ εkd
v
0
ρvk
x
)
dx.
(17)
With the help of [35, eq. (4.337.2)], (17) can be further
simplified as (14). 
Unfortunately, though (14) gives a closed-form expression
of the SE of the UE, it is so complicated that unable to
give some insights. Moreover, the existences of the expo-
nential integral function and binomial coefficients make it
difficult to perform a further derivation. In order to gain more
insights, we take a step back to (12) and modify the deriva-
tion by utilizing the approximation log2 (1+ x) ≈ log2x
when x  1. Note that this approximation only applies if the
SINRs of the users are much larger than 1, i.e., all of them are
in the high SINR regime. The relative error log2(1+x)−log2xlog2(1+x) ≤
1% holds for x ≥ 28.93. As 10lg28.93 ≈ 14.61 and
log229.93 ≈ log228.93 ≈ 4.9, when the SINRs of the UEs
are greater than 14.61 dB or the SEs of the users are larger
than 4.9 bps/Hz, the approximation is considered satisfied
within an acceptable error.
Proposition 2: For the C-MIMO system, in the high SINR
regime, when the numbers of Tx and Rx antennas are large,
the asymptotic SE of the UE k with polar coordinate (ρk , δk)
has the following alternative expression:
R¯asyC,k = log2ηC + vlog2d0 − vlog2ρk − γ log2e+ a1k ,
(18)
where ηC = PNTNrKσ 2 , γ is Euler constant and a1k =
Lk∑
t=1
(
Lk
t
)
(−1)t log2t − log2Lk .
Proof: See Appendix A. 
As shown in Proposition 2, for the C-MIMO system,
the spectral efficiencies (SEs) of the UEs close to the cell
center are higher than those of the UEs approaching the
cell edge. When the number of the UEs increases, as the
average Tx power per user decreases, the UE’s SE decreases.
In practice, when the number of Tx/Rx antennas decreases,
due to the fact that the channel does not meet the asymptotic
orthogonality any more [36], the SE of the UE becomes
much lower, which results in the increase on the gap between
R¯C,k and RC,k . However, when the numbers of Tx and Rx
antennas are relatively large, the derived value R¯C,k is very
close to the exact one RC,k , which will be demonstrated in the
simulation part. As the approximation expression R¯asyC,k gives
us an intuitive insight about the SE, we will use it for further
analysis.
B. ASYMPTOTIC AVERAGE SPECTRAL EFFICIENCY
OF THE CELL FOR THE C-MIMO SYSTEM
In previous subsection, we have analyzed the asymptotic rate
of an arbitrarily located UE in the cell. In this subsection,
we derive the asymptotic average rate of the cell, which indi-
cates the average experience of user service. Assuming UEs
are randomly and uniformly distributed in the cell, the user
distribution meets the constraint that the shortest distance
between the BS and UEs is d0, which satisfies 0 < d0  R.
Thus, the PDF of the UE’s radius ρk can be approximated as
fC (x) =

2x
R2 − d20
, d0 ≤ x ≤ R
0, otherwise.
(19)
The angle of the UE’s location is uniformly distributed
in [0, 2pi ], i.e., δk ∼ U [0, 2pi ]. The following proposi-
tion on the asymptotic average SE of the cell, expressed
as R¯C = E
{
R¯asyC,k
}
, is proved.
Proposition 3: For the C-MIMO system, when the
numbers of Tx and Rx antennas are large, the asymptotic
average SE of the cell has the following expression:
R¯C = log2ηC + vlog2d0 − a2vlog2e
− γ log2e− 0.065L + 0.125, (20)
where
a2 = R
2
R2 − d20
(
lnR− 1
2
)
− d
2
0
R2 − d20
(
ln d0 − 12
)
. (21)
Proof: With uniformly distributed user location and the
PDF of the UE’s distance to the cell center in (19), we can
get
RC (Lk) = 2
R2 − d20
R∫
d0
xR¯asyC,k (Lk , x) dx, (22)
where R¯asyC,k (Lk , x) is the asymptotic SE of the UE k with Lk
paths at distance x. Substituting (18) into (22), we have
RC (Lk) = log2εk + vlog2d0 + a1k (Lk)− γ log2e
− 2vlog2e
R2 − d20
R∫
d0
x ln xdx
(a)= a1k (Lk)− γ log2e+ log2ηC + vlog2d0
− a2vlog2e, (23)
VOLUME 6, 2018 75487
J. Li et al.: Performance Analysis of mmWave Massive MIMO Systems in Centralized and Distributed Schemes
where (a) results from
∫
x ln xdx = x2
(
ln x
2 − 14
)
in
[35, eq. (2.723.1)]. When 5 ≤ L ≤ 10, the variable a1k (Lk)
can be approximated by a1k (Lk) ≈ −0.13Lk + 0.19. With
Lk ∼ DU [1,L], E {Lk} = L+12 can be obtained. Thus,
E
{
a1k (Lk)
} ≈ −0.065L + 0.125. By using it and R¯C =
E {RC (Lk)}, the desired (20) can be finally obtained. 
Proposition 3 shows that the asymptotic average SE of the
cell decreases as the number of UEs increases. The minimal
distance between a BS antenna and one UE is typically
assumed to be d0 = 1 m [30], [37]. By using the condition
R d0 into (21), we have the approximation a2 ≈ lnR− 12 .
Therefore, the asymptotic average SE of the cell decreases
with the increase of the cell radius.
Proposition 4: For the C-MIMO system, when the numbers
of Tx and Rx antennas are large, the asymptotic SE of the UE
and the asymptotic average SE of the cell have the following
relation: 
R¯C < R¯
asy
C,k ,
d0
R
<
ρk
R
< e−1/2
R¯C = R¯asyC,k ,
ρk
R
= e−1/2
R¯C > R¯
asy
C,k , e
−1/2 < ρk
R
≤ 1.
(24)
Proof: Define 1RC (ρk ,Lk) = R¯C − R¯asyC,k , where
1RC (ρk ,Lk) implies that 1RC is a function with variables
ρk and Lk . With the results (18) and (20) we derived in
Propositions 2 and 3, we have
1RC (ρk ,Lk) = vlog2e {ln ρk − a2} − 0.065L
+ 0.125− a1k (Lk) . (25)
By utilizing E
{
a1k (Lk)
} ≈ −0.065L + 0.125, 1RC (ρk)
can be expressed as
1RC (ρk) ≈ vlog2e
(
ln ρk − lnR+ 12
)
= vlog2
(ρk
R
e1/2
)
. (26)
When the normalized UE radius ρkR = e−1/2 ≈ 0.61,
we can get 1RC = 0, i.e., R¯C = R¯asyC,k . Then, R¯C > R¯asyC,k
for e−1/2 < ρkR < 1 and R¯C < R¯
asy
C,k for
d0
R <
ρk
R < e
−1/2
can be obtained. 
Proposition 4 indicates that when the numbers of Tx and
Rx antennas are large and the normalized UE radius is
approximately equal to 0.61, the asymptotic SE of the UE
is approximately equal to the asymptotic average SE of the
cell. As the UE is away from the cell center, i.e., ρkR > 0.61,
the asymptotic SE of the UE is lower than the asymptotic
average SE of the cell. Ignoring the minimal distance d0 and
defining R0R = e−1/2 , we can get
piR2−piR20
piR2
= 1−e−1 ≈ 0.63.
Assuming a uniform distribution, almost 63% UEs that are in
(R0,R) have lower SEs that cannot reach average SE of the
cell. It implies that good selection of BS sites according to the
users’ distribution and priority is very important.
IV. ASYMPTOTIC ANALYSIS ON SPECTRAL EFFICIENCY
OF THE D-MIMO SYSTEM
Theoretically, all RAUs in the D-MIMO system can take
arbitrary locations and topologies. However, the optimiza-
tion of RAU locations can be highly challenging. On the
other hand, arbitrary RAU locations or the optimal topology
may have prohibitive backhaul and installation cost. In real
applications, it is more practical to consider manageable
RAU topologies.
In this paper, we consider the D-MIMO system with circu-
lar layout as shown in Fig.1(b), which have been considered
in [12] and [30]. The circular antenna array layout needs
less optical backhaul installation, and the implementation of
circular layout expects less confliction with existing power
lines and other civil structures underground and aboveground.
Thus, compared with other simple designs, circular layout
is expected to have a better performance. The D-MIMO
system with circular layout takes advantage of the macro-
diversity via distributed antenna array locations, and reduces
the mmWave channel correlation. In addition, though the
BPU can be located anywhere in the cell, it is assumed to
be placed near one RAU to minimize the backhaul cost.
In this section, for the D-MIMO system with circular
layout, we first analyze the upper bound on the asymptotic
SE for an arbitrary UE, and then derive the upper bound
on the asymptotic average SE of the cell assuming random
and uniform user distribution. All the RAUs are uniformly
distributed on a circle with radius r , which meets d0  r < R
and whose center is the same as the cell center. Therefore,
the polar coordinates of the RAUs can be expressed as
(Dn, ϑn) =
(
r,
2pi (n− 1)
K
)
, n = 1, 2, · · · ,K . (27)
And the distance dk,n from the nth RAU to the kth UE is
calculated as [11]
dk,n =
√
ρ2k + D2n − 2ρkDn cos (δk − ϑn). (28)
A. TWO PRACTICAL RAU SELECTION ALGORITHMS
In order to optimize the problem of RAU allocation and
improve system performance for the D-MIMO system,
two RAU selection algorithms, which are D-based and
SINR-based schemes, are proposed in this subsection. The
RAU selection is assumed to be performed at the BS side
considering the implementation complexity and the UEs’
hardware constraint. A principle that RAU selection must
follow is that, each RAU serves only one UE while each
UE uses only one RAU.
For the D-based algorithm, the UEs select expected RAUs
according to their priorities and distances. If possible, the UEs
are preferred to select RAUs with minimal distances. Define
D ∈ CK×K as the distance matrix, in which [D]k,n = dk,n.
First, the corresponding UE, who has minimum in D, has
the highest priority to select the RAU with minimal distance.
Then, ignoring this UE and its used RAU, i.e., ignoring the
corresponding row and column in D, the next UE having the
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minimum in the remaining D, has the second highest priority
to choose the related RAU under minimal distance principle.
In a similar fashion, we finally get the RAU allocation scheme
and the correction matrix M in the premise of following the
principle of RAU selection. The process of D-based RAU
allocation is given in Algorithm 1.
Algorithm 1 The D-Based RAU Selection Algorithm for the
D-MIMO System
Input: D,K
Output: M
1: InitializeM = 0K .
2: Find
{
i′, j′
} = argmax
i,j∈{1,2,··· ,K }
[D]i,j, set a = [D]i′,j′ .
3: for k = 1 to K do
4: Find {i∗, j∗} = argmin
i,j∈{1,2,··· ,K }
[D]i,j.
5: Set [M]i∗,j∗ = 1.
6: Update elements in the i∗th row or j∗th column ofD to
a′, a′ > a.
7: end for
For the SINR-based algorithm, the UEs select the expected
RAUs based on their priorities and SINRs. We define
G ∈ CK×KL as the SINR matrix, which meets L ≥
max
{
Lk,n
}
,∀k, n. The matrix G can be written as G =[
gH1 , g
H
2 , · · · , gHK
]H , where gk ∈ C1×KL is the SINR vector
of the user k . The element ξqk,p is the (k, `)th entry of G,
i.e., [G]k,` = ξqk,p, where p =
⌈
`
L
⌉
represents the corre-
sponding RAU, and q = ` − (p− 1)L means the qth path
of the channel between the kth user and pth RAU satisfying
1 ≤ q ≤ Lk,p. When Lk,p < q ≤ L, [G]k,` = 0, which
indicates no path. The SINR-based algorithm is described
as follows. First, the corresponding UE, who has maximum
inG, has the highest priority to select the RAU with maximal
SINR. Then, ignoring this UE and the used RAU, i.e., ignor-
ing the corresponding row and L columns in G, the next UE
having themaximum in the remainingG, has the second high-
est priority to choose the related RAU with maximal SINR.
In this analogy, we finally get the SINR-based RAU allo-
cation result. The process of SINR-based RAU allocation is
presented in Algorithm 2.
The HP algorithm with D-based scheme selects the nk th
RAU for the UE k according to the large scale distance
factor first, and then selects the ik th path of the channel
between the nk th RAU and the UE k by leveraging the
small scale channel gain. Unlike D-based scheme, once the
HP algorithm with SINR-based scheme selects the maximal
SINR ξ ikk,nk , both the RAU and the channel path used by
the UE k are already known. Comparing Algorithm 1 with
Algorithm 2, in order to obtain the used RAU and correspond-
ing path, one UE needs to search no more than
(
K 2 + L)
and K 2L times using Algorithm 1 and 2, respectively.
Therefore, the HP algorithm with D-based scheme requires
less computational complexity than that with SINR-based
scheme.
Algorithm 2 The SINR-Based RAU Selection Algorithm for
the D-MIMO System
Input: D,K and L
Output: M
1: InitializeM = 0K .
2: Find
{
i′, j′
} = argmin
∀i,j
[G]i,j, set b = [G]i′,j′ .
3: for k = 1 to K do
4: Find {i∗, j∗} = argmax
∀i,j
[G]i,j.
5: p =
⌈
j∗
L
⌉
, setMi∗,p = 1.
6: Update elements in the i∗th row or ((p− 1)L + 1)th
to (pL)th columns of G to b′, b′ < b.
7: end for
As the SINR-based scheme utilizes the composite com-
ponent of both large scale and small scale parameters, it is
expected to provide better performance than the D-based one.
On the one hand, since the large scale fading has a significant
effect on the composite fading sub-channel matrix HD,k,n
in (5) under different distance dk,n, the antenna will obtain
more accurate channel state information (CSI) with a better
large scale fading coefficient, and vice versa.
It should be pointed out that, as the SINR-based RAU
selection algorithm chooses RAUs according to a composite
parameter, we have no idea about its distribution, which
results in the difficulty of statistical analysis for system
performance. Thus, we adopt the D-based RAU selection
algorithm to make further analysis.
B. ASYMPTOTIC SPECTRAL EFFICIENCY OF AN
ARBITRARY USER FOR THE D-MIMO SYSTEM
In this subsection, we derive and analyze an upper bound
on the asymptotic SE of an arbitrary user located in the cell
for the D-MIMO system. Similar to the C-MIMO system,
we use the approximation expression to replace the accurate
expression. Then, we get
R¯D,k = log2ηD + vlog2d0 − vlog2dk,nk
+E
{
log2
∣∣∣αikk,nk ∣∣∣2}− log2Lk,nk , (29)
where ηD = PNtNrKσ 2 . For the D-based scheme, no matter which
RAU the UE selects, the item
∣∣∣αikk,nk ∣∣∣2 is always the maximum
of path gains among Lk,nk paths. Then, the expectation of
log2
∣∣∣αikk,nk ∣∣∣2, which is the same as the C-MIMO system,
is given by
E
{
log2
∣∣∣αikk,nk ∣∣∣2} =
Lk,nk∑
t=1
(
Lk,nk
t
)
(−1)t log2t − γ log2e.
(30)
Substituting it into (29), we reach
R¯D,k = log2ηD + vlog2d0 − vlog2dk,nk − γ log2e
+
Lk,nk∑
t=1
(
Lk,nk
t
)
(−1)t log2t − log2Lk,nk . (31)
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Compared (31) with (18), the distance between the kth
UE and the BS is dk = ρk in the C-MIMO system,
while dk,nk is expected to be the minimum between the
UE k and all RAUs in the D-MIMO system, i.e., dk,nk =
min
{
dk,1, dk,2, · · · , dk,K
}
. When each UE uses the RAU
which has the minimal distance with it, the distances change
depending on the relative position of the UE and the RAU.
In the best case scenario, when the angle δk of the kth UE is
equal to the angle ϑnk of the selected RAU, i.e., δk = ϑnk ,
the distance between the kth UE and nk th RAU is minimal
and dmink,nk = |ρk − r|, which leads to an upper bound of the
SE for the UE.
Proposition 5: For the D-MIMO system with circular lay-
out and D-based scheme, an upper bound of the asymptotic
SE for the UE k is given by
R¯UD,k = log2ηD+vlog2d0−γ log2e+a1k,nk−vlog2 |ρk−r| ,
(32)
where
a1k,nk =
Lk,nk∑
t=1
(
Lk,nk
t
)
(−1)t log2t − log2Lk,nk . (33)
Proof: Substituting the minimal distance dmink,nk into (31),
(32) can be easily derived. 
Assume the distance between the user j (j 6= k)
and the RAU nk is dj,nk , which satisfies dj,nk =
min
{
dj,1, dj,2, · · · , dj,K
}
and dj,nk > dk,nk = min{d1,1,
d1,2, · · · , dK ,K−1, dK ,K }. One disadvantage of our developed
D-based RAU selection algorithm is that, once the nk th RAU
has been used by the highest priority users k , the user j cannot
select its ideal nk th RAU any more. It has to choose one of
the other unused RAUs that have relatively longer distances.
Even so, no matter the user works with its ideal RAU or not,
the result we derived in Proposition 5 is always true.
C. ASYMPTOTIC AVERAGE SPECTRAL EFFICIENCY OF
THE CELL FOR THE D-MIMO SYSTEM
In the previous subsection, we have analyzed the upper bound
on the asymptotic rate of an arbitrary UE located in the cell.
In this subsection, we further derive an upper bound on the
asymptotic average SE of the cell. Similar to the C-MIMO
system, the UEs are assumed to be randomly and uniformly
located in the cell. Since the minimal distance between a
UE and a BS antenna is d0, the UEs can only locate outside
the circle with radius r + d0 or inside the circle with radius
r−d0, the area of which is pi(r − d0)2+piR2−pi(r + d0)2 =
pi
(
R2 − 4rd0
)
. Define ϒ , [0, r − d0] ∪ [r + d0,R] as the
range for ρk , i.e., ρk ∈ ϒ , which is the radius of the UE k .
The PDF of ρk is given by [30]
fD (x) =

2x
R2 − 4rd0 , x ∈ ϒ
0, otherwise.
(34)
Similar to the C-MIMO system, based on (34) and
Proposition 5, we can derive an upper bound on the
asymptotic average SE of the cell in the D-MIMO
system.
Proposition 6: For the D-MIMO system with circular
layout and D-based scheme, an upper bound of asymptotic
average SE of the cell has the following expression:
R¯UD = log2ηD + vlog2d0 − γ log2e− 0.065L
+ 0.125− a3vlog2e
R2 − 4rd0 , (35)
where
a3 =
(
R2 − r2
)
ln (R− r)+ r2 ln r − 4rd0 ln d0
− R
2 + 2Rr − 8rd0
2
. (36)
Proof: See Appendix B. 
Proposition 6 indicates that, when the number of users
keeps constant and the number of total Tx antennas NT
increases, the derived upper bound of the asymptotic average
SE of the cell increases. When the number of total Tx anten-
nas NT remains unchanged and the number of UEs grows,
the upper bound of the asymptotic average SE decreases.
However, as the number of RAUs increases, more and more
users have shorter distances with their used RAUs, which
results in the reduced gap between the average SE of the cell
and the derived upper bound.
V. NUMERICAL RESULTS
In this section, we present and discuss ensuing simulation
results, compared with numerical ones pertaining to the anal-
ysis developed previously. We assume the carrier frequency
f = 28 GHz, the cell radius R = 200 m, the minimal distance
between the user and a BS antenna d0 = 1 m, and the path
loss exponent v = 3.4. Both the BS and the users are equipped
with ULAs, and da = λ2 . The AoDs and AoAs are assumed to
be uniformly distributed in [0, 2pi ]. The maximum of channel
paths is L = 10. The average Tx power is P = 30 dBm. The
noise power is given by σ 2 = Nf N0W , whereW = 500MHz
is the used bandwidth, Nf = 3 dB is the Rx noise figure and
N0 = −174 dBm/Hz is the noise power spectral density. The
plotted SE is averaged over 1000 channel realizations.
When K = 8, Fig.3 presents the SE of an arbitrary user
in the C-MIMO system w.r.t the users’ normalized radius for
different multiplications of the two numbers of Tx and Rx
antennasNT×Nr = 128×16, 128×64, 512×64. It is shown
in Fig.3 that, the simulation results agree perfectly with the
numerical results computed by (14) in Proposition 1 and (18)
in Proposition 2. As the number of Tx/Rx antennas becomes
large, the gap between the derived and simulated results
decreases. It is also illustrated in Fig.3 that, the approximation
condition x  1 for Proposition 2 can be easily satisfied
even for the users at the edge of the cell, whose SEs are
much greater than 4.9 bps/Hz. For comparison, the asymp-
totic average SEs of the cell and the single-user rate (i.e.,
no interference) are also plotted in this figure. It is observed
that, when the numbers of Tx and Rx antennas are large and
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FIGURE 3. The SE of the UE for the C-MIMO system with
NT × Nr = 128× 16,128× 64,512× 64 and K = 8.
FIGURE 4. The SE of the UE for the D-MIMO system with
NT × Nr = 256× 64, r = 0.6R and K = 8.
the user’s normalized radius ρkR ≈ 0.61, the asymptotic SE
of the UE is equal to the asymptotic average SE of the cell,
which agrees with the conclusion derived in Proposition 4.
Moreover, when the numbers of Tx and Rx antennas are large,
the simulated SE of the user is very close to the single user
upper bound.
In Fig.4, we compare the SE of an arbitrary user in the
D-MIMO system with different RAU selection schemes. It is
shown that, when the user is very close to the circle on which
RAUs are distributed, the item log2 |ρk − r| in (32) tends to
negative infinity, which leads to an extremely high value in
the upper bound R¯UD,k . This figure also illustrates that the
SINR-based scheme outperforms the D-based scheme and
the scheme without selection, which agrees with our previ-
ous analysis and proves the effectiveness of our proposed
schemes. In addition, the D-MIMO system using the D-based
scheme achieves very- similar performance compared the one
using SINR-based scheme while requiring less complexity.
Fig.5 compares the SEs of the UE for the C-MIMO and
D-MIMO systems under D-based scheme w.r.t. different
FIGURE 5. Comparison on the SEs of the UE for C-MIMO and D-MIMO
systems with NT × Nr = 256× 64, r = 0.6R and K = 4,32.
FIGURE 6. The average SEs of the cell for C-MIMO and D-MIMO systems
with Nr = 256, r = 0.6R and K = 8.
numbers of users. It is shown that, the users close to the
cell edge in the D-MIMO system have better performances
than those in the C-MIMO system, which illustrates that the
D-MIMO system can improve the performances of users far
from the cell center. When the users’ number is large and the
users’ normalized radius ρkR ≈ 0.45, we can get RC,k ≈ RD,k .
Thus, RC,k < RD,k for
ρk
R > 0.45. With
piR2−pi(0.45R)2
piR2
≈ 0.8,
almost 80% users are distributed in (0.45R,R), assuming
a uniform distribution. Almost 80% users in the D-MIMO
system have better performances than those in the C-MIMO
system, which results in the improvement on the average
experience of user service in the D-MIMO system.
The results on the average SE of the cell are shown in Fig.6
w.r.t different numbers of Tx antennas NT when K = 8.
It is shown that, when the numbers of Tx and Rx antennas
are large for the C-MIMO system, the simulation results
agree with the numerical ones computed by using (20) in
Proposition 3. Fig.7 shows the average SEs of the cell for
systems under different numbers of users when NT = 4200.
It is illustrated that, with the increase of the users’ number,
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FIGURE 7. The average SEs of the cell for C-MIMO and D-MIMO systems
with different numbers of users under Nr = 64,NT = 4200 and r = 0.6R.
FIGURE 8. The average search times of two RAU selection algorithms for
the D-MIMO system under different numbers of users.
the performances of the D-MIMO system with D-based and
SINR-based schemes are approaching the derived upper
bound in (35), which agrees with our analysis
for Proposition 6. Both Fig.6 and Fig.7 indicate that, the
D-MIMO system with D-based/SINR-based RAU selec-
tion algorithm gains the better performance compared with
the C-MIMO system, while requiring less implementation
complexity. Moreover, the D-MIMO system using D-based
algorithm achieves very-close performance compared with
the system using SINR-based one, while requiring less com-
putational complexity. It is also shown in Fig.7 that, in the
D-MIMO system, the advantage of the selection algorithms
becomes dominant with the increase of the number of users.
For the D-MIMO systems using our proposed
Algorithms 1 and 2, while obtaining the used RAU and
corresponding path for each UE, the average search times
of D-based and SINR-based RAU selection schemes under
different numbers of users are evaluated in Fig.8. It is
observed that, compared with the SINR-based selection algo-
rithm, the D-based one can significantly reduce the average
FIGURE 9. The average SEs of the cell for D-MIMO systems with different
normalized RAU radii under NT = 1024,Nr = 64.
search times, especially for the case of large number of users.
This is consistent with our theoretical analysis.
Fig.9 plots the average SE of the cell in the D-MIMO
system with D-based algorithm w.r.t the normalized RAU
radius. It is shown that the average SE of the cell for all
four cases (K = 8, 16, 32, 64) have similar behaviors. The
optimal normalized radii for the four cases are 0.65, 0.675,
0.75 and 0.8, respectively. This finding indicates that it is
very important to optimize the RAU location according to the
designed number of users in the D-MIMO system.
VI. CONCLUSIONS
This paper has considered downlink multi-user mmWave
massive MIMO systems in both centralized and distributed
schemes. Based on the composite fading channel model
where both large scale fading and small scale fading were
accounting for, a hybrid precoding algorithm leveraging
antenna array response vectors was applied into both the
C-MIMO system with FCS and D-MIMO system with PCS.
Two practical RAU selection algorithms based on mini-
mal distance and maximal SINR were proposed for the
D-MIMO system. The spectral efficiencies of mmWave
massive MIMO systems in both centralized and distributed
settings were analytically investigated. Numerical results
assessed our analytical results and examined the impact of the
number of total transmit antennas, the number of users and the
location of the distributed antenna arrays on system perfor-
mance. Simulation results showed that the D-MIMO system
with D-based RAU selection algorithm can outperform the
C-MIMO system and have almost the same performance as
the one with the SINR-based solution while requiring less
complexity. The proposed system model, the developed anal-
ysis and the obtained results, thanks to their generality and
compactness, can serve as a practice reference for designing
and analyzing performances of mmWave massive MIMO
systems in real physical propagation environments. Based on
these results in this paper, the distributed antenna architecture
appears to be an effective way of improving the average
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experience of user service in the system. As a future work,
it is of interest to investigate further the multi-cell scenario.
APPENDIX A
Substituting log2 (1+ x) ≈ log2x into (12), we obtain
R¯asyC,k = log2ηC + vlog2d0 − vlog2ρk
− log2Lk + E
{
log2
∣∣∣α`kk ∣∣∣2}. (37)
By using (16), the last item in (37) can be written as
E
{
log2
∣∣∣α`kk ∣∣∣2}
=
∞∫
0
Lk
(
1− e−x)Lk−1e−x log2xdx
= Lk log2e
∞∫
0
(
1− e−x)Lk−1e−x ln xdx
= Lk log2e
∞∫
0
Lk−1∑
t=0
(
Lk − 1
t
)(−e−x)te−x ln xdx
= Lk log2e
Lk−1∑
t=0
(
Lk − 1
t
)
(−1)t
∞∫
0
e−(t+1)x ln xdx
= log2e
Lk∑
t=1
(
Lk
t
)
(−1)t−1t
∞∫
0
e−tx ln xdx
(a)= log2e
Lk∑
t=1
(
Lk
t
)
(−1)t (γ + ln t)
(b)=
Lk∑
t=1
(
Lk
t
)
(−1)t log2t − γ log2e, (38)
where (a) results from
∞∫
0
e−tx ln xdx = − 1t (γ + ln t) in
[35, eq. (4.352.1)], and (b) makes use of
Lk∑
t=1
(
Lk
t
)
(−1)t = −1. By applying (38) into (37), (18) can be obtained.
APPENDIX B
For convenience, define b (Lk) = a1k,nk (Lk) − γ log2e +
log2ηD + vlog2d0, where b (Lk) means b is a function with
the variable Lk . Applying (32), we have
RUD (Lk) =
2
R2 − 4rd0
∫
ϒ
(
b (Lk)− vlog2 |x − r|
)
xdx
= b (Lk)− 2vlog2eR2 − 4rd0
r−d0∫
0
x ln (r − x) dx
− 2vlog2e
R2 − 4rd0
R∫
r+d0
x ln (x − r) dx. (39)
With the help of [35, eq. (2.729.2)], we get
r−d0∫
0
x ln (r − x) dx
= r
2
2
ln r − 3r
2 + d20 − 4rd0
4
+ d
2
0 − 2rd0
2
ln d0. (40)
R∫
r+d0
x ln (x − r) dx
= −R
2 + 2Rr − 3r2 − d20 − 4rd0
4
+ R
2 − r2
2
ln (R− r)− d
2
0 + 2rd0
2
ln d0. (41)
Substituting (40) and (41) into (39), we can obtain
RUD (Lk) = b (Lk)−
a3vlog2e
R2 − 4rd0
= log2ηD − γ log2e+ vlog2d0
− a3vlog2e
R2 − 4rd0 + a
1
k,nk (Lk) . (42)
With a similar method to prove Proposition 3, (35) can be
finally obtained by using (42).
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